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Agenda

* What is linear regression?

* The least-squares (closed-form) solution
o Simple linear regression
o Polynomial regression
o Multivariate linear regression

* Solve linear regression by optimization
o Gradient descent




What is linear regression? o™

e Given a set of observed values of the independent (input) variables
and the corresponding values of the dependent (output) variable,
determine a relation between the independent variable(s) and a
continuous output variable

Linear Linear Mo linear relationship




Linear regression

* Examples
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Linear regression J

* Examples

Prices of used cars: example data for regression

Price  Age  Distance  Weight
(US$) (years)  (km)  (pounds)
13500 29 46986 1165
13750 23 12937 1165
13950 24 41711 1165
14950 26 48000 1165
13750 30 38500 1170
12950 32 61000 1170
16900 27 94612 1245
18600 30 75889 1245
21500 24 19700 1185
12950 2o 11135 1105




Linear regression

* General approach
o Regression function

Prices of used cars: example data for regression

y = f(z,0) Price  Age  Distance  Weight

o (US$) (years)  (km)  (pounds)
o Objective 13500 23 46986 1165
= Optimize 0 such that the approximation 13750 923 79037 1165
error is minimized 13950 24 41711 1165
~\2 14950 26 48000 1165
b= ; (v = 61 13750 30 38500 1170
Example 12950 32 61000 1170
Price = ag + a; - Age + a5 - Distance + a3 - Weight 16900 29 94612 1245
18600 30 75889 1245
r = {Age, Distance, Weight } 21500 97 19700 1185

0 — {ag, ay, ay, as) 12950 23 71138 1105




Different linear regression models

e Simple linear regression
o Only one continuous independent variable

y=a-+ bx
* Polynomial regression
o Only one continuous independent variable
i—a 0 a0 g
* Multivariate linear regression
o More than one independent variables

Uy —do a1 oot a o,



Agenda

* Linear regression

* The least-squares (closed-form) solution
o Simple linear regression
o Polynomial regression
o Multivariate linear regression

e Gradient descent

o Solve linear regression using optimization
o Solve many other optimization problems

C‘O




Simple linear regression

 Ordinary least squares Y=o+ o
r | T1 T2 1
» Objective function y1d Yy Yn

¢ Z

_yz



Simple linear regression

+ Ordinary least squares U=t 7
-
L — X;
Final solution: ?f Z
~ Cov(z,y) y=— Zy@
B = n
Var(:x) 1 5
a=y—pr Var(az):n_lz(x@-—mi)
1 . -

Cov(x,y) = = Z(CL’@ = e 9



Simple linear regression

« Example
n=>
T = é(l.O +2.043.0+4.0+5.0)=3.0
7= é( .00 + 2.00 + 1.30 + 3.75 + 2.25) = 2.06
Cov(z,y) = %[(1.0 —3.0)(1.00 — 2.06) + - - - + (5.0 — 3.0)(2.25 — 2.06)] = 1.0625
Var(z) = % [(1.0—3.0)*+ -+ + (5.0 - 3.0)°] =25
p— 0020 405

2.5

a=2.06—0.425 x 3.0 =0.785

4

y = 0.785 + 0.425x

. 8/
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i

100 200 10 O 0 20




Polynomial regression

 Model

?J:Oéo+051$+062$2+---+akxk

* Ordinary least squares
o Objective

E = Z ozg+a1:cz+a23: + -

o Solution can be obtained by solving

OF
3053-

—=0, Vi=01,.... k.

Ji B e ) Ln
Yyl Y2 Yn
-+ Cik.il’,'f:)] °
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Polynomial regression

 Ordinary least squares

Y=o+ a1 + @z’ + - + gz’

12



Polynomial regression

 Ordinary least squares

y:a0‘|‘al$—|—a2$2—|—---—l—ak$k




Polynomial regression

 Ordinary least squares

y:a0‘|‘al$—|—a2$2—|—---—l—ak$k
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Polynomial regression

« Example

X

3.0 40 50 6.0 7.0

y

20 3.2 38 6.5 11.5

Y = Qg + Q1T + QX

2

Y ¥ =nag+ o (Zx)+a2(z 2)
Yo = (o) v (L) - on (£7)
et =0 () o (5 o (L)

[~

27.5 = 50!0 + 250!1 + 135()!2
158.8 = 25(10 + 135(1’1 —+ 775(12
966.2 = 135a + 775y + 4659,

¥

oy = 12.4285714
a1 = —9.9128571

A

y = 12.4285714 — 5.5128571z + 0.7642857 >



Polynomial regression

« Example

x 3.0 40 50 6.0 7.0
v |25 32 38 65 1.5

2

Y = Qg + Q1T + QX

27.5 = 50!0 + 25(]!1 + 135()!2
158.8 = 25(10 + 135(1’1 —+ 775&2
966.2 = 135a + 775y + 4659,

¥

oy = 12.4285714
a; = —5.5128571

A

y = 12.4285714 — 5.5128571z + 0.7642857 >



Multivariate linear regression

 Model
y=Po+ bix1+ -+ BNTN

* Ordinary least squares

[ (751 | I Il 11 7o
v — 3}-2 | X — 1 x12 Zoo
yn ]- Lin Ton

-

: Values (examples)
bl
Variables Example 1 Example 2 Example n
I 11 19 Tin
I I21 T99 Ton
IN IN1 IN2 ITNn
y (outcomes) U1 Yo Un
TN1 Bo
LN2 B
, and B = _
I'Nn i i zBN il
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Multivariate linear regression

* Example y=0o+pix1+pPoxy 2| 1 1 2 0

Z9 1 2 2 1

y | 3.25 6.9 3.5 5.0

18



« Example
B = (x"X)"' x"Y]

[ 3.25

=

~J O
I

XTX =

~J O =
Do N =

| 1
S NN

-
L

Multivariate linear regression

Yy = By + 121 + Ba2xs

5,

B

| B2

Sl L

3.20 6.0 3.5 5.0

| » B=(X"X)" X"y =

y = 2.0625 — 2.37507; + 3.2500z;

*

—2.3750
3.2500

19

2.0625 ]



Agenda

* Linear regression

* The least-squares (closed-form) solution
o Simple linear regression
o Polynomial regression
o Multivariate linear regression

e Gradient descent

o Solve linear regression using optimization
o Solve many other optimization problems




Objective function of linear regression

* Linear regression

* Objective function
o Sum of squared error

E = 2 i -5’

n
i=0

Predicted Value

Actual Value

21



-

Objective function of linear regression

* Example

o Objective function
= Sum of squared error

E =) (i-(ax, +b))?
i=0

= Solution

minz (y; ~(ax, + b))?
i=0

22

Predicted Value

Actual Value



Objective function of linear regression

* Example

o Objective function
= Sum of squared error

E =) (i-(ax, +b))?
i=0

= Solution

minz (y; ~(ax, + b))?
i=0

23



o

Gradient descent

* Basic idea
o Take repeated steps in steepest descent direction until lowest point is reached

= The opposite direction of the gradient of the function at the current point

—

50

B éggi(ii) ) \‘Qg ‘@“k\ ,
V() 5 /A oy /
1\'.' TN N / [

0
5. (P) |
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[ 20
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: '

[ 10
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-4
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Gradient

* Example

f(z,y) = 0.52" +y*

9 (z,y) x ‘
5 (2,9) 2y

The gradient at point p( 10, 10)

vV £(10,10) = [ ;g ]

25



Gradient descent algorithm

* Main steps
1) Start from an initial guess (or even randomly)
2) Calculate the the gradient of the function at current point
3) Make a scaled step in the opposite direction to the gradient

ﬁn—kl — ﬁﬂ - va (ﬁn) \ % A / T:)

4 Cost

4) Repeat 2) and 3) until one of the criteria is met
-) maximum number of iterations reached
-) step size (or the change of the function value) N
is smaller than a given tolerance

26



Gradient descent algorithm

* Example: a 1D function
f(z) =2° — 4z + 1

af () | B = B — 0V f (5)
=2r—4
. dx
The first few steps

zo =9, 7(9) = 46

1 =9—0.1x(2x9—4)="7.56, £(7.6) = 28.36

o =T7.6—0.1x(2x7.6—4)=0648, f(6.48) = 17.07

)

T3 =6.48 — 0.1 x (2 x 6.48 — 4) = 5.584, f(5.584) = 9.845

Ta = 2.052, f(2.052) = —2.997

iterations: 24
result-2.0413

27
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Function requirements

e Differentiable

fix) =/ |x|

»] fix) = 3sin(x)

dfix) _
o= 3cos(x)

=10 4

100

075

=X
050 ﬁ:x}_ gl

025
000
=0.25
=0.50
=075

=1.00 § t—f)

2 -1 0 1 2

(b) Jump discontinuity

flx) =L

=10.0

-2 -1 0 1 2

(c) Infinite discontinuity

28



Function requirements

e Differentiable

* Convex

fAz1 + (1 = A)z2) < Af(z1) + (1 — A)f(z2)

0 15

29



Function requirements J

* Example
o Convex? Example  f(z) =% —x + 3

30



Function requirements

* Example
o Convex?

<

Example  f(x) = > —x+3

& f(z)

dx?

df ()

=2
dx

= 2z — 1,

The function has derivative everywhere
The second derivative is always > 0

31



Function requirements

* Example

o Differentiable

o Convex?

3.0
2.5
2.0
1.5
1.0

0.5

Example of a semi-convex function with a saddle point

saddle point

-0.5

0.0

0.5

1.0

1.5

2.0

Example f(z) = zt —22% + 2

dj;(j) = 47° — 62° = 2°(4z — 6)
d’f(z) 2
o 1227 — 12z = 122(x — 1)

e for x < 0: function is convex
e for 0 < £ < 1: function is concave

e for z > 1: function is convex again

x = 0: saddle point
both first and second derivatives equal to zero

32
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Challenges: learning rate

* Parameter update  Pn+1 =P — V. f (5n)

* Learning rate n: scales the gradient and thus controls the step size
o Too small
Too slow to converge; may reach maximum iteration before convergence

o Too big
= May not converge to the optimal point (jump around) or even to diverge completely

Learning rate: 0.1 Learning rate: 0.3 Learning rate: 0.8 Learning rate: 0.9

iterations: 24 iterations: 8 iterations: 15 iterations: 33
result:2.0413 result:2.0115 result-2.0055 result-2.0055

33



Challenges: learning rate

Learming rate. 0.1 Leaming rate. 0.B&

= (=1 = ] L] ]
..r-""f#
::lh"'-hh_x
= = = = = =
f__pﬂ"'
.F-r"‘f




Challenges: learning rate

« Use a fixed learning rate pn+1 =P — NV f (D)
o Try with a large value like 0.1
o Try exponentially lower values: 0.01, 0.001, etc.

35



Challenges: learning rate

« Use a fixed learning rate pn+1 =P — NV f (D)
o Try with a large value like 0.1
o Try exponentially lower values: 0.01, 0.001, etc.

* Use an adaptive learning rate

o Start with a larger value J(w) Initial ; & diait
. Weight ll/
o Gradual decrease it

1
4

1
ﬂ
Ill
Py A Global cost minimum
LS W)

>
w



Challenges: saddle points

* Global minimum is not guaranteed

¢ Saddle pOint Learning rate: 0.4
. starting point: -0.5
o Gradient=0
3.0 4
o Nether local minimum nor local maximum step: 0
sc | result: -0.5

2.0 1
—
=
=
15 -

10 4

05 4

37



Advanced methods

* Newton's method

o Second-order derivative is used
o Take a more direct route

Gradient descent (linear approximation)
floe +t) = fla) + f (2t

Newton's method (quadratic approximatioi\)
flay +t) = fleg) + fze)t + Ef”{:ﬂk}tj

Green: Gradient descent
Red: Newton's method 0

38



Solve linear regression using GD

* Objective function
o Always convex

flab) = ) (vi-(ax, + b))?
i=0

Error = 370.77 15 2 900 b= 800

10}

I i L i i i
-2.0 =15 -1.0 =0.5 0.0 0.5 1.0 15 2.0

39



Next Lecture

* Clustering & Nearest Neighbor Classification

Input

Output

Y-Axis

&

New example
to classify Class A

o * J[ Class B

40
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