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Today’s Agenda

e Review: Camera models :‘O
e Camera calibration

e Al: Camera calibration
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A color image: R, G, B channels

r(x,y)
f(x,y)=|gx,y)
| b(x,y)

“vector-valued” function




Pinhole camera model
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Pinhole camera model
- 3D point P= (X, ¥, Z)T projected to 2D image p = (x, y)7
camera coordinate projection line
system _— f
: ) )
\ ): X = E, y = fE

optical
axis

0 -
C Z ¢
\ - - - - — - —_———t————— S
\ ) §
[
camera center




%
TUDelft
3Dgeoinfo

Perspective projection model

. X Y
* Pinhole camera x=f—, y=f
* Change of unit: physical measurements -> pixels

— If k=1, camera sensor’s pixels are exactly square

X Y
x=kf-, y=lf7

@ Denote a = kf,[ = lf

X Y
X=a E’ y="F E - X, y: image coordinates (pixels)
- k, [: scale parameters (pixels/mm)

- f - focal length (mm)



Perspective projection model

. X Y
* Pinhole camera x=f—, y=f
* Change of unit: physical measurements -> pixels x=a«a

* Change of coordinate system

— Image plane coordinates have origin at image center
— Digital image coordinates have origin at top-left corner

= X+ = Y+
X=a—+Cy y—,BZ Cy

X

Z
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Perspective projection model

* Pinhole camera

* Change of unit: physical measurements -> pixels x=a—-, y
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fX fY
X = —, y: -
Z Z X

|
=
NI~

X y Z

 Change of coordinate system x=a—=+c, y= B +¢

VA

e Account for skewness

— Image frame may not be exactly rectangular due to sensor manufacturing errors

J

.
IEd

—» A~

T

| —>

T

X oY B Y
AT AT T % YT Sne 7

0: skew angle between x- and y-axis

+C

y



Perspective projection model

X

Y

XxX=a—=——a cotfd =+c,,

VA

VA

* Rewrite in matrix-vector product form

P=[X,Y,Z]", p=I[xy1]

(homogeneous coordinates)

p=KP, K=

Ko’

0

0

—a cotf
B

sin 6

0

C,

Cy

1.

I
0
0

S

Iy
0

C,|

Cy

1.

Intrinsic parameter matrix
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Perspective projection model

e Camera motion

— World frame may not align with the camera frame

— Camera can move and rotate

~_—Camera frame

P¢|= Ry |[PV |+t _

1 3 2 4

———World frame

1. Coordinates of 3D scene point in camera frame.
2. Coordinates of 3D scene point in world frame.

3. Rotation matrix of world frame in camera frame.
4. Position of world frame’s origin in camera frame.
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Perspective projection model
 The complete transformation

p=NMP
=|K||R t|P

Internal (intrinsic) parameters

External (extrinsic) parameters

- R: rotation matrix of the world coordinate system defined in the camera coordinate system
- t: the position of world coordinate system’s origin in camera coordinate system

(Note: tis often mistakenly interpreted as the position of the camera position in the world coordinate system) ,
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Today’s Agenda

e Review: Camera models

e Camera calibration C‘\:}
e Al: Camera calibration



General Idea
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* Why is camera calibration necessary?

— Given 3D scene, knowing the precise 3D to 2D projection requires

* Intrinsic and extrinsic parameters

— Reconstructing 3D geometry from images also requires these
parameters

p=MP

= K

Internal (intrinsic) parameters

External (extrinsic) parameters

Rt

P

13
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General Idea

 Why is camera calibration necessary?
* What information do we have?

— Images only

amm 3w
= =
amaT v
o=
TEET Y
e
|
e
[ ]
)

14
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General Idea

* Why is camera calibration necessary?
 What information do we have?
e Camera calibration

— Recovering K

— Recovering Rand t

p=MP
=|K||R t|P

Internal (intrinsic) parameters

External (extrinsic) parameters
15

* How many parameters
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General Idea

* How many parameters to recover?

— How many intrinsic parameters?

p— MP

fos e =K|[R t|P
K=|0 fy Cy Internal (intrinsi/c) parameters

L0 0 1




General Idea

* How many parameters to recover?

— How many intrinsic parameters?

— How many extrinsic parameters?

P
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= MP

= K

R t|P

N

External (extrinsic) parameters
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General Idea

* How many parameters to recover: 11

— 5 intrinsic parameters
2 for focal lengths
2 for offset (image center, or principal point)
* 1 for skewness

— 6 extrinsic parameters

e 3 for rotation

* 3 for translation . S C ry by
K=|0 f, ¢l R-= rg,t:ty
O O 1 _I'3_ _tz_
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General Idea

e What information to use?

— Corresponding 3D-2D point pairs

p=MP
=K |R t|P
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General Idea

 What information to use?
— Corresponding 3D-2D point pairs

* How many pairs do we need?
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General Idea

 What information to use?
— Corresponding 3D-2D point pairs

* How many pairs do we need?
— How much information does each pair of corresponding point provide?

P;.Tml
P?m;;

p= MP :>pi=[:j1=MPi=

v P?mg

T
Pi ms

m4, m,, ms: the three rows of the projection matrix M 21
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General Idea
 What information to use?
— Corresponding 3D-2D point pairs
* How many pairs do we need?
— Each 3D-2D point pair -> 2 equations
— 11 unknown -> 6 point correspondence
— Use more to handle noisy data
-P;.Tml-
. P my P m;—u; (P m;3) =0
p=MP E>Pi=!uZ]=MPi= > E_r ! z(; 3)
U; P;f"m2 Pz mg—?}i(Pi m3) =0
| PTm; |

m;, m,, ms: the three rows of the projection matrix M 22



General Idea

Constraints from one pair

P m;—u;,(Pim3) =0
P my—v;(PTms) =0
szl—un(P m3) =

PZmz—vn(P m3) = 0

Equations from n pairs

—UIP{
—’U1P"1r

—u, PT

—v, P

Y =
TUDelft

3Dgeoinfo
"y
ms | = Pm =0
m
L8 19 %1
2nx12

What is the dimension of the P matrix?
What is the dimension of m?

23
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Details: the derivation of the linear system

* The equations p = MP (X,Y, Z]" — [u,v]"
_ ; _ - X
Su mip M2 M3 Mg %
> _
SU | = | a1 M2 Moz Moy 7
- | M31 M3z MM33 134 1

su=mnX +mi2Y +mi3Z + may U = Mu& + Map¥ + Mz + Mg
m31X + m32Y + m33Z + 34

B sv=myuX +myY +mwZ +my m M X + mpY + masZ + may
S = m31X =T m32Y - m33Z + M3y v= ms1 X + msaY + Mma3Z + may

24
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Details: the derivation of the linear system

. mllX + m12Y -1 mng + M4

u =
m31X + m32Y + mggz + 34
Mo X + MaoY + ma3Z + moy

V=
m31X + m32Y + m33Z + (RY

 The equations

SN (m31 X +mgaY +mgsZ + mgs) u = mn X + miY +misZ + myy
(m31X + m32Y + m33Z + m34) V= mng + m22Y + m232 + Moy

|:> m11X + mng + m13Z + Mg — m31uX — m32UY = m33uZ — M34U = 0

Mo1 X + MY + MosZ + Moy — M310 X — M3aVY — Ma3vZd — mgav = 0

25



<3
TUDelft

. . . . . 3Dgeoinfo
Details: the derivation of the linear system
 The equations
For every pair of 3D-2D corresponding points
m11X + mpY + mizsZ + myy — mauX — maauY — masuZ — maau =0
m21X + m22Y + ngZ + Moy — m31’UX — m32vY — m33vZ — MM34V = 0
Given n pairs of 3D-2D corresponding points :g
mis
i X1 le Z1 1 0 0 0 0 —’LL1X1 —U1Y1 —’U,lZl —U1 ] mig I 0 ]
0 0 0 0 Xl }/1 Zl 1 —’U1X1 —’U1Y1 —'Ulzl —N L] 0
3 maz2 | _ :
; . :
X, Y ZZ, 1 0 0 0 0 —u,X, —u.,Y, —u,Z, —u, Mo 0
I o 0 O o0 X,Y, 2,1 —v,X, —-v)Y, —v,Z, —v, 1| ma I 0 ]
mg2
m3z3
| M3q | 26




Details: the derivation of the linear system

 The equations

0

Xn
0

0

Y,
0

Xy Y 4

0

Zn
0

ot

0

0 0 0
X1 N Z
0 0 0
X, Y, Z
DT T
e R
07 PI

T T
P O
0" P!

0 —’LL1X1
1 —’Ule
0 —u,X,
1 —v,X,

—u1Y]
-1 Y]

—Up Yn
—vnYn

—’LL1Z1 —U1
-0 —v
_ann —Un

@ Simplified notation

—Ulp{
—’Ulp{

T
—u, P,
—v, P

= Pm=0

: <3
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General Idea

* How to solve it?
— It is a homogeneous linear system

— It is overdetermined ?

PT 7 —u,PT
OT P{ —'U]P¥~I -m]-
mo | = Pm=0

PT 07 —yu,PT| |m3

mn e —

o PT —y,PT

n

28



%
TUDelft
3Dgeoinfo

General Idea

e How to solve it?

—m = 0 is always a trivial solution
— If m # 0 is a solution, then any £ * m is also a solution

PT 07 —uPT]
0" P —uiP{| [m,]
: my| = Pm=0
Pl of —u,PT| |m3
o PT —,PT

29
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General Idea

* How to solve it?
—m = 0 is always a trivial solution
— If m # 0 is a solution, then any £ * m is also a solution

— Constrained optimization

PT 07 —u,PT]

T PpT T ‘
0% Py —uiPi| [m, minimize || Pm)|*
; = Pm =0 |:> m
PT 7 —u,P7 subject to ||ml|]* = 1
0" PL —v.Py |

30



S\VD Fuper

* Singular Value Decomposition

— Generalization of the eigen-decomposition of a square matrix to any
m by n matrix

O,
|
o, B 000
A=UDVY D= A= U D VI
mXn mXm mXn nXn
1
| 1
i ON_ | ik
T _
U: an m by m orthogonal matrix U U’ = Im
D:an m by n diagonal matrix; entries on diagonal called singular values | 0 1
V:an n by n orthogonal matrix

<
<
3

|
5
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* Geometric meaning

A=UDVT

Example (square matrix)

3 —2] [-40 .916] [539 0 ] [-.05 .999
1 5 [.916 .40 0 3.154 999 .05
A U D 4

Transformation Rotation Scaling Rotation
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Calibration: solve for projection matrix

minimize || Pm)|?
Pm=0 = o
subject to |m]|* =1

SVD of P

T
UanZn D2nx12 V 12x12

Last column of V gives m

(Why? See page 593 of Hartley & Zisserman. Multiple View Geometry in Computer Vision)

33


http://scholar.google.nl/scholar?q=Hartley+%26+Zisserman&hl=en&as_sdt=0&as_vis=1&oi=scholart
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Least-squares solution of homogeneous equations

This problem is solvable as follows. Let A = UDV'. The problem then requires us to
minimize ||[UDVTx|. However, |[UDV'x|| = ||DVTx|| and ||x|| = ||[V"x||. Thus, we need
to minimize ||[DV'x|| subject to the condition ||[V'x|| = 1. We write y = V'x, and
the problem is: minimize ||Dy/|| subject to ||y || = 1. Now, D is a diagonal matrix with
its diagonal entries in descending order. It follows that the solution to this problem is
y = (0,0,...,0,1)T having one non-zero entry, 1 in the last position. Finally x = Vy
is simply the last column of V. The method is summarized in algorithm AS.4.

Objective Multiple View
Given a matrix A with at least as many rows as columns, find x that minimizes ||Ax|| subject to Geomet r)’
x| = 1. in computer vision
Solution

x is the last column of V, where A = UDV' is the SVD of A.

Algorithm AS5.4. Least-squares solution of a homogeneous system of linear equations.

Richard Hartley and Andrew Zisserman

Page 593 of Hartley & Zisserman. Multiple View Geometry in Computer Vision 34
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Camera parameters from project matrix

ﬂ;

M

M =

1
,0

T

sin 0

t

1 0

B

sin 6

o a —acotld c,
O fy ¢y | =] O . e, &

0

1

o cot Ord + c,r

-3 T T
T CyT'3

T
I'3

/&
3

at, —

a cot 0t, + ¢t |

Lt + ¢yt
ts

sin 6
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SVD-solved projection matrix

SVD-solved projection matrix is known up to scale, i.e., pM = M The true values of project matrix

Ozrf — cot Or; + c,r3 at, —acotOt, + c,t, |
B T
= Sln9 + Cyk3 sm@t T Cyt
P /4
i 1‘3 tZ il 35
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Camera parameters from project matrix

| [ar] — acotfry +c,r3  at, —acotOt, + c,t, |
— B /&
M = ; Sin@r2 £3 CyI'3 sm@t £ Cyt
i ry t. |
-a,{ bl-
denote M = [A b| = |al b,
a3 b
/ ar] — acotfry 4+ c,r;  at, —acotbt, + c,t, | al b
R sigerg £3 Cyr?; sm@t £ Cyt — ag b2
§ 2 I.3T tz o _ag b3_

Solving for the intrinsic and extrinsic parameters

v .




Camera parameters from project matrix

Intrinsic parameters:

1

"

Cp = 2(31 ag)

cy = p’(az - as)

. (a; X ag) - (ag X ag)

a; X ag| - ||ag x ag||

a = p?lla; X ag||siné

B = p*|lag x agl|sin @

%
& TUDelft
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Extrinsic parameters:

Ao X Ag
I'm =

|ag X ag|
rs — pas
' =TIg XTI
t =pK 'b

37



Find 3D-2D corresponding points o o

* At least 6 3D-2D point pairs
— 3D points with known 3D coordinates

— Corresponding image points with known 2D coordinates

tape measure

38
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Find 3D-2D corresponding points

e Calibration rig - a special apparatus

— P,, ... P, with known positions in [O

w? W?,]W) ]

A\ N\

l W



Find 3D-2D corresponding points o

e Calibration rig - a special apparatus
— P,, ... P, with known positions in [O,,, i k]

w3 lW’ .]W’

—p;, ... p, known positions in the image
— At least 6 pairs

A
k .
W W image
* Goal W) _
]
— Intrinsic parameters 1B i
S
— Extrinsic parameters 11 R
1 L~ O,
AT L -
Jw
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Calibration

* Always solvable?

J\k
(W) "
]
]
]
1
-~
L~
"
L~
//
1o,
- 8
T

Ly
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Calibration

* Always solvable?

— {P;} cannot lie on the same plane
— {P;} cannot lie on the intersection curve of two quadric surfaces

COMPUTER VISION
A MODERN APPROACH

a.Sphere b.Ellipsoid c.Elliptic cylinder ~ d.Elliptic ¢.Parabolic

' paraboloid cylinder
f.Quadric cone g Hyperbolic h.Hyperboloid i.Hyperbolic J-Hyperboloid
cylinder of two sheets paraboloid of one sheet

FORSYTH | PONCE 42

See Section 1.3 of Forsyth & Ponce. Computer Vision: A Modern Approach
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Al: Camera calibration

43
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Next lecture

* Epipolar geometry

Left view Right view

44



