
GEO1004: 
3D modelling of the built environment

https://3d.bk.tudelft.nl/courses/geo1004https://3d.bk.tudelft.nl/courses/geo1004

Curves and curved surfaces



Midterm exam

• 1 hour, 6 open questions -> ~10 minutes per question 

• Lessons 1.1 (intro) - 4.1 (mat / gmaps) 

• Open book, open laptop 

• No LLMs (apart from AI snippets in searches) 

• No communication with others, no phone



Homework 1 feedback

• Overall: very well done, all code worked, most reports were very good 

• Some standouts: 

• Well accomplished pseudocode or higher level description with insight into method 

• Identification of usual and exceptional cases 

• Analysis using metrics for quality of results, simplification degree and performance



Oral authenticity check

• I’ll send you an email to agree on a time 

• 3: ??? & ??? 

• 12: Marcel-Purcel & ??? 

• 19: stinger 



Representing a sphere using triangles

Wikimedia Commons



Representing a sphere using triangles

Subdivision level Triangles Edge length Deviation

0 20 1.051 0.255

1 80 0.546 0.066

2 320 0.280 0.017

3 1 280 0.142 0.004

4 5 120 0.072 0.001

where 1.0 is the radius of the sphere



https://www.reddit.com/r/CitiesSkylines/comments/17gfq13/the_game_does_render_individual_teeth_with_no_lod/ 
https://www.youtube.com/watch?v=-BNDwgMhWEg

https://www.reddit.com/r/CitiesSkylines/comments/17gfq13/the_game_does_render_individual_teeth_with_no_lod/
https://www.youtube.com/watch?v=-BNDwgMhWEg


Why curves?

• Better approximation to reality with fewer primitives 

• Discretisation creates problems (precision, inconsistencies, errors in software, etc.) 

• Easier to manipulate -> used in CAD, BIM and other modelling software



Modelling of curves

• Parametric solids (eg spheres, cylinders and cones in CSG) -> Wednesday 

• Bézier curves and surfaces -> today 

• Basis splines (uniform, rational, NURBS, etc.) -> today 

• Sweeps -> BIM lecture



Types of points

• Data points: points that the curve/surface needs to 
pass through 

• Control points: points that have some influence 
over the shape of the curve/surface, but through 
which the curve/surface does not necessarily pass. 
Intuitively, they `pull' the curve in their direction. 

• Note: sometimes both data points and control 
points are simply called control points
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Curves using parametric equations

• Most methods to store curves and curved surfaces 
use parametric equations, ie equations that are 
defined using non-coordinate variables as 
parameters. 

• For example, we can define a unit circle as: 

• where:

<latexit sha1_base64="bvt/OqZQF3GO3iebhz+fEnkjM2E=">AAAB/HicjVDLSsNAFJ3UV62vqCtxM1iEFkpJRKobodiNywr2AU0ok+mkHTqZhJkbMYTqz+hK1J1f4Q/4N6a1CxUFz+rcc86Fe48XCa7Bst6N3MLi0vJKfrWwtr6xuWVu77R1GCvKWjQUoep6RDPBJWsBB8G6kWIk8ATreOPG1O9cM6V5KK8giZgbkKHkPqcEMqlv7jVKN5WkjM9wyaGhxlDBjuYSQ7lvFu2qNQP+mxTRHM2++eYMQhoHTAIVROuebUXgpkQBp4JNCk6sWUTomAxZL6OSBEy76eyFCT70Q4VhxPBs/ppNSaB1EnhZJiAw0j+9qfib14vBP3VTLqMYmKRZJPP8WGAI8bQJPOCKURBJRghVPLsS0xFRhELWV+F/77ePqnatWrs8LtbP50Xk0T46QCVkoxNURxeoiVqIojv0gJ7Ri3Fr3BuPxtNnNGfMd3bRNxivHztlkoI=</latexit>

C(x, y) = (cos t, sin t)

<latexit sha1_base64="I8HQOE422oCc80UKodzVQFfITgk=">AAAB9nicjVDJSgNBEK2JW4zbaI5eGoPgKcwEiR6DXjxGMAtkhtDTqUma9Cx294hhyK/oSdSbH+IP+Dd2loOKgu9Sr+q9gqoXpIIr7TgfVmFldW19o7hZ2tre2d2z9w/aKskkwxZLRCK7AVUoeIwtzbXAbiqRRoHATjC+nOmdO5SKJ/GNnqToR3QY85Azqs2ob5cd4gm8JXpRal7KSd+uuFVnDvI3qcASzb797g0SlkUYayaoUj3XSbWfU6k5EzgteZnClLIxHWLP0JhGqPx8fvyUHIeJJHqEZN5/9eY0UmoSBcYTUT1SP7XZ8Detl+nw3M95nGYaY2YsRgszQXRCZhmQAZfItJgYQpnk5krCRlRSpk1Spf+9365V3Xq1fn1aaVwsgyjCIRzBCbhwBg24gia0gMEEHuEFXq1768F6sp4X1oK13CnDN1hvn0QWkPM=</latexit>

0 → t → 2ω
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Derivatives of parametric equations

• If we look at the derivatives of these equations,  

• the first derivative is a tangent vector 

• the second derivative tells us the rate of change 
of the curvature



Derivatives and continuity

• Positional ( ) continuity: the boundary of a curve (ie a 
point) or surface (ie a curve) matches that of its neighbours, 
ie there are no gaps at common boundaries; 

• Tangential ( ) continuity: the angles of curves or surfaces 
match those of its neighbours at their common boundaries, 
ie no sharp edges (creases / folds) at common boundaries; 

• Curvature ( ) continuity: the curvature of a curve or 
surface matches that of its neighbours at their common 
boundaries, ie not even ‘soft’ or rounded edges at common 
boundaries. 

• A curve has  continuity at a boundary point when the 
-th derivatives have the same direction at that point. If they 
have the same magnitude as well, it has  continuity too.
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Bézier curves



Bézier curves

• Parametric curves that are based on a polynomial function with one parameter 

• Intuitively, a weighted average of its points :(p0,p1,…, pn)۶
�ܠ � ଑�ܕ೎ܚ ܕܚ۵ 
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<latexit sha1_base64="Ns/wLjgePqV4bOfV2orCdwWUmb0="></latexit>



Quadratic Bézier curves



Cubic Bézier curves



Bézier curves
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<latexit sha1_base64="GGv9Wz47b6DLoQDbKXfDY/1rhq8="></latexit>
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<latexit sha1_base64="o7IlJxY5vZUWpd59EDNwCCrq2Gg="></latexit>

PS

<latexit sha1_base64="nQ5R2beEUWEWHesfjrGWM44hDqo="></latexit>
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<latexit sha1_base64="Ns/wLjgePqV4bOfV2orCdwWUmb0="></latexit>

where:

where:



Bézier curves

• Quadratic: 

• Cubic:

<latexit sha1_base64="ypnRpbTiDxMbqYJnPtl7Dvuj0vg="></latexit>

C(t) =
2∑

i=0

B2
i (t)pi

= (1→ t)2p0 + 2t(1→ t)p1 + t2p2, for 0 ↑ t ↑ 1.

<latexit sha1_base64="jdizds27q0DN9U736aYHHNYQ7Mk="></latexit>

C(t) =
3∑

i=0

B3
i (t)pi

= (1→ t)3p0 + 3t(1→ t)2p1 + 3t2(1→ t)p2 + t3p3, for 0 ↑ t ↑ 1.



Bernstein polynomials
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Composite Bézier curves

• We could use high-degree polynomials to model very complex curves, but in a Bézier 
curve all points affect all parts of the curve 

• Better to model complex curves as composites:



Bézier rectangles
<latexit sha1_base64="Z3EFzVeBcDGoGE9c0S52DDUX/fk="></latexit>

pbiquadratic =




p0,0 p0,1 p0,2
p1,0 p1,1 p1,2
p2,0 p2,1 p2,2



 , and

pbicubic =





p0,0 p0,1 p0,2 p0,3
p1,0 p1,1 p1,2 p1,3
p2,0 p2,1 p2,2 p2,3
p3,0 p3,1 p3,2 p3,3



 ,

<latexit sha1_base64="5ESBPQQG8s59J6oTYIE0lgZe/go="></latexit>

S(u, v) =
n∑

i=0

m∑

j=0

Bn
i (u)B

m
j (v)pi,j , for 0 → u → 1, 0 → v → 1.



Bézier rectangles



Bézier triangles
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<latexit sha1_base64="ymvLDI9HhBAzQAwpPjb8ZFhMEyg="></latexit>
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<latexit sha1_base64="GRkR6cVjqn88NiGKUfQQpUl7upw="></latexit>
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<latexit sha1_base64="m6XqcyMcTqhRXB8BE0codRs72xM="></latexit>
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<latexit sha1_base64="AiUxRoGuwofCHT+GMfExu8hpwic="></latexit>
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<latexit sha1_base64="esoOl1+7+x/wTkGw9jkhQry3hYM="></latexit>
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<latexit sha1_base64="09rnRCjtERMM8SHmtkroH98kJs4="></latexit>
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<latexit sha1_base64="Ts+lHOCsVM7MD1vjGvUlCETJD8Y="></latexit>
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<latexit sha1_base64="zw91RIgOWsVg4ZkqHllr1vgWwQ4="></latexit>



Bézier triangles
<latexit sha1_base64="et/LaBLRB8Ng0QbSGj6AFuHaIPI="></latexit>

plinear =
p0,1,0

p0,0,1 p1,0,0
,

pquadratic =
p0,2,0

p0,1,1 p1,1,0
p0,0,2 p1,0,1 p2,0,0

,

pcubic =

p0,3,0
p0,2,1 p1,2,0

p0,1,2 p1,1,1 p2,1,0
p0,0,3 p1,0,2 p2,0,1 p3,0,0

,

<latexit sha1_base64="21oIdQfx7iC8U5Mprwohtlj7mIs="></latexit>

S(u, v, w) =
∑

i+j+k=n
i,j,k→0

Bn
i,j,k(u, v, w)pi,j,k



Bézier triangles
<latexit sha1_base64="fJRCyvWPwfaDpIYnMFiKIes2jjE=">AAACFHicjVDLSsNAFJ3UV62vqks3U4tQoZRGpLoRSt24rGAf0CZlMp2000wmYWbSUkJ+Q39GV6JuxL1/47R2oaLgWZ17zrlw73FCRqUql9+N1NLyyupaej2zsbm1vZPd3WvKIBKYNHDAAtF2kCSMctJQVDHSDgVBvsNIy/EuZ35rTISkAb9R05BYPhpw6lKMlJZ6WbNm815Mi6OilxSi4rg4OYYXsOsKhGOeS2KaG+W8XBLZFI7tEZzYXi+bN0vlOeDfJA8WqPeyr91+gCOfcIUZkrJjlkNlxUgoihlJMt1IkhBhDw1IR1OOfCKteP5aAo/cQEA1JHA+f83GyJdy6js64yM1lD+9mfib14mUe27FlIeRIhzriPbciEEVwFlDsE8FwYpNNUFYUH0lxEOkC1G6x8z/3m+elMxKqXJ9mq/WFkWkwQE4BAVggjNQBVegDhoAgzvwAJ7Bi3Fr3BuPxtNnNGUsdvbBNxhvH+bmnM0=</latexit>

Bn
i,j,k(u, v, w) =

n!

i!j!k!
uivjwk

<latexit sha1_base64="DIqcmL39FpWMIiJGkNlpBwvLNyI="></latexit>

B1
i,j,k =

v
w u

,

B2
i,j,k =

v2

2vw 2uv
w2 2uw u2

,

B3
i,j,k =

v3

3v2w 3uv2

3vw2 6uvw 3u2v
w3 3uw2 3u2w u3



Bézier triangles



Rational Bézier curves

• We extend Bézier curves with rational weights ( ), 
where every point  is associated with a weight  

• If , the point  has a normal weight and 
we get a typical Bézier curve 

• If , the point  has no weight, ie it doesn’t 
pull the curve towards it 

• Larger or smaller values of  will affect the 
‘force’ with which  pulls the point

wi
pi wi

wi = 1 pi

wi = 0 pi

wi
pi

<latexit sha1_base64="+RQJLqQq/X+eZrJYetRlf6t5T60=">AAACKXicjZBLS8NAFIUn9VXrK+rSzWAR6qakItVNobQgLivYBzRpmEwn7dDJJMxMlBLyi/SnuNGVr51/xEntQsWCZ3Xmfmfg3uNFjEplWS9Gbml5ZXUtv17Y2Nza3jF39zoyjAUmbRyyUPQ8JAmjnLQVVYz0IkFQ4DHS9SbNjHdviJA05NdqGhEnQCNOfYqR0iPXvGiW1DGsQdsXCCe2jAM3oTUrHXDYGHCXZvTWpTByaboYp65ZrJStmeBiUwRztVzzwR6GOA4IV5ghKfsVK1JOgoSimJG0YMeSRAhP0Ij0teUoINJJZvem8MgPBVRjAmfv79kEBVJOA09nAqTG8jfLhn+xfqz8cyehPIoV4VhHNPNjBlUIs9rgkAqCFZtqg7CgekuIx0h3pnS5hf+d3zkpV6rl6tVpsd6YF5EHB+AQlEAFnIE6uAQt0AYY3IMn8AbejTvj0Xg2Xr+iOWP+Zx/8kPHxCSqppVc=</latexit>

C(t) =

∑n
i=0 B

n
i (t)wipi∑n

i=0 B
n
i (t)wi



B-splines

• Also, parametric curves that are based on a polynomial function with one parameter 

• Also, intuitively, a weighted average of its points : 

• But with the addition of a knot vector  that describes which control points 
affect which parts of the curve 

• Knot vector -> only a few points affect each segment -> local control

(p0, p1, …, pn)

(t0, t1, …, tm)

<latexit sha1_base64="hssOlGfLNDJxsfQbQBUUf7wHJRM=">AAACB3icjZDLSgMxGIUz9VbrbdSlm2AVKkiZEaluCqXduKxgL9COQyZN29AkMyQZoQzzAPoyuhJ1594X8G3M1C5UFDyrk/87gf8/QcSo0o7zbuUWFpeWV/KrhbX1jc0te3unrcJYYtLCIQtlN0CKMCpIS1PNSDeSBPGAkU4waWS8c0OkoqG40tOIeByNBB1SjLQZ+fZBo6SPYBX2Vcz9hFad9DoRKawbfzxJMxb51LeLbtmZCf5timCupm+/9QchjjkRGjOkVM91Iu0lSGqKGUkL/ViRCOEJGpGesQJxorxkdk0KD4ehhHpM4Oz9NZsgrtSUBybDkR6rnywb/sZ6sR6eewkVUayJwCZi2DBmUIcwKwUOqCRYs6kxCEtqtoR4jCTC2lRX+N/57ZOyWylXLk+Ltfq8iDzYA/ugBFxwBmrgAjRBC2BwBx7AM3ixbq1769F6+ozmrPmfXfBN1usHaCGXsw==</latexit>

C(t) =
n∑

i=0

Bi,k(t)pi



B-spline basis functions
<latexit sha1_base64="hssOlGfLNDJxsfQbQBUUf7wHJRM=">AAACB3icjZDLSgMxGIUz9VbrbdSlm2AVKkiZEaluCqXduKxgL9COQyZN29AkMyQZoQzzAPoyuhJ1594X8G3M1C5UFDyrk/87gf8/QcSo0o7zbuUWFpeWV/KrhbX1jc0te3unrcJYYtLCIQtlN0CKMCpIS1PNSDeSBPGAkU4waWS8c0OkoqG40tOIeByNBB1SjLQZ+fZBo6SPYBX2Vcz9hFad9DoRKawbfzxJMxb51LeLbtmZCf5timCupm+/9QchjjkRGjOkVM91Iu0lSGqKGUkL/ViRCOEJGpGesQJxorxkdk0KD4ehhHpM4Oz9NZsgrtSUBybDkR6rnywb/sZ6sR6eewkVUayJwCZi2DBmUIcwKwUOqCRYs6kxCEtqtoR4jCTC2lRX+N/57ZOyWylXLk+Ltfq8iDzYA/ugBFxwBmrgAjRBC2BwBx7AM3ixbq1769F6+ozmrPmfXfBN1usHaCGXsw==</latexit>

C(t) =
n∑

i=0

Bi,k(t)pi

<latexit sha1_base64="pkpLgGNp/9rXdZC6NCW10Rf8d6Q="></latexit>

Bi,0(t) =

{
1 if ti → t < ti+1

0 otherwise

Bi,k(t) =
t↑ ti

ti+k ↑ ti
Bi,k→1(t) +

ti+k+1 ↑ t

ti+k+1 ↑ ti+1
Bi+1,k→1(t)

where for a function of degree :k



B-spline basis functions
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Uniform vs. non-uniform curves

• In a parametric curve, when the values of  are equally spaced, we call it a uniform curve. 

• Non-uniform curves give us more control: we can add more parametric space where we 
need more detail 

• In a b-spline, this is directly translated into the separation between the knots

t



Clamping

• In the extreme case, ie clamping, we can put multiple knots in the same location 

• These reduce continuity at a point but can be used to ensure that the curve passes 
through a point. 

• For example, for a cubic b-spline, the knot vector  ensures 
that we pass through the start and end of a curve 

• In practice, b-splines are almost always clamped

(0,0,0,0,1,2,3,4,5,6,6,6,6)



NURBS

• Non-uniform: local control, possible 
sharp features (corners / edges) 

• Rational: possibility to present conic 
section (ie circle, ellipse, parabola or 
hyperbola) 

• B-splines

<latexit sha1_base64="K8rO9DHUa3LzgvB+66zRMFzL1/k=">AAACLXicfZBLS8NAFIUnPmt9RV26GSxCBSmJSHVTKHYjLqSCfUATw2Q6aYdOHsxMlBLym/SHuFUQRN35N5zULLQV7+qbe87APceNGBXSMF60ufmFxaXlwkpxdW19Y1Pf2m6LMOaYtHDIQt51kSCMBqQlqWSkG3GCfJeRjjtqZHrnlnBBw+BajiNi+2gQUI9iJNXK0S8aZXkAa9DyOMKJJWLfSWjNSG8CeKnoMEoz/c6hMHJo+p8hdfSSUTEmA2fBzKEE8mk6+qPVD3Hsk0BihoTomUYk7QRxSTEjadGKBYkQHqEB6SkMkE+EnUwyp3DfCzmUQwIn75/eBPlCjH1XeXwkh2Jay5Z/ab1Yeqd2QoMoliTAyqI0L2ZQhjCrDvYpJ1iysQKEOVVXQjxEqjepCi6q+OZ02FloH1XMaqV6dVyqn+VFFMAu2ANlYIITUAfnoAlaAIMH8AzewYd2rz1pr9rbt3VOy//sgF+jfX4Bn6GnJA==</latexit>

C(t) =

∑n
i=0 Ni,p(t)wipi∑n
i=0 Ni,p(t)wi

Perney, A., Bordas, S., & Kerfriden, P. (2023). NURBS-based surface generation from 
3D images: spectral construction and data-driven model selection. Journal of 
Computational Design and Engineering, 10(4), 1856-1867.



What to do next?

1. Today: 

• Go to geo1004 website and study today’s lesson (updated 3D book Chapter 6) 

• Continue with Homework 2 

2. Wednesday: CSG lecture, midterm feedback



https://3d.bk.tudelft.nl/courses/geo1004 

https://3d.bk.tudelft.nl/courses/geo1004

