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What is linear algebra?

Problem =——> Conceptual Solution | =——> Math Solution




What is linear algebra?

Problem ——> Conceptual Solution

How to get the pixel
location on an image
of a 3D point?
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—2> Math Solution
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What is linear algebra?

* Difficult problem can be handled effectively

— Representation

* 3D points, lines, planes in the 3D space
— Distance?
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What is linear algebra?

* Difficult problem can be handled effectively
— Representation

— Coordinates will be used

* Perform geometrical transformations/computation
— The rotation of a 3D object
— The intersection of 3 non-parallel planes

* Associate 3D with 2D points
— The projection of a 3D object onto a plane



]
J TUDelft
3Dgeoinfo

What is linear algebra?

* Difficult problem can be handled effectively
— Representation
— Coordinates will be used
— Images are matrices of numbers

* Find properties of these number
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What is linear algebra?

* Difficult problem can be handled effectively
— Representation
— Coordinates will be used
— Images are matrices of numbers

* Linear algebra

— Organize information in cases where certain
mathematical structures are present

— The study of those structures

* VVectors and linear functions
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Scope of the lectures

Part 1: Vectors, matrices, matrix/vector arithmetic,
geometric transformations

Part 2: Linear systems, linear-least squares

Part 3: Eigen values/vectors, singular value
decomposition
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Linear Algebra - Part 1
Vectors, matrices, matrix/vector
arithmetic, geometric transformations

Liangliang Nan
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Vectors (i.e., 2D and 3D vectorgymge””‘“

P = [x,y,z]

<.

3D world

10
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Vectors (i.e., 2D vectors)

V=(x19x2) X2 P

Magnitude: ||y = \/xlz + X, i
x1
If ||v|=1, WV IsaUNIT vector

11
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Vectors (i.e., 2D vectors)

V=(~x19x2) X2 P

Magnitude: | v|= \/xlz + x22

If ||v|=1, WV IsaUNIT vector

What is the unit vector that has the same direction as v?

12
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Vectors (i.e., 2D vectors)

V=(x19x2) X2 P

Magnitude: ||y = \/xlz + X, i
x1
If ||v|=1, WV IsaUNIT vector

v o (x X
v

Orientation: 0 =tan‘1(—)

13
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VECtor Add|t|on 3Dgeoinfo

VAW =(x,%)+ (1, 0,) = (5 +,% + ;)

Compute A parallelogram
(0,1)+(1,0)="7
(1,1)+(1,1)="
(1,0)+(-1,0)="7

14
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Vector Subtraction

* |nverse operation of addition

VoW =(x,%) = (7, 0,) = (5 =y, %, = »,)
V-W
%

15
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Scalar Product

* Length is changed
* Direction is preserved

av = a(x,,x,) = (ax,,ax,)

av
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Inner (dot) Product

v /a
%w = (X, X,) (¥, Y,) =Xy, +X,Y,

The inner product is a SCALAR!

VoW = (X, X,) (Y Y2) =l VI -l w cosa

17
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Inner (dot) Product

v [
%W = (X,,X,) (Y1, Y2) =X, +X,¥,

The inner product is a SCALAR!

VoW = (X, X,) (¥ Y2) =l V- w cosa

f vilw, v-ws= 7»,
U

18
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Inner (dot) Product

Vv o
%W = (X19X2)°(YIDY2) =X1y1 +X,¥,

The inner product is a SCALAR!

VoW = (X, X,) (Y Y2) =l VI -l w cosa

Compute the inner product of
(0,1)-(1,0)=">
(1,1)-(1,1)=">
(1,0)-(-1,0) =" O

N
F

(m

19
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Orthonormal Basis

* Unit vectors; orthogonal to each other

* Any vector -> linear combination of the basis

i=(1,0) |il=1

| | i-j=0
i=01) [jl=1

V=(X1,X2) V=X1+X,]
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Orthonormal Basis

* Unit vectors; orthogonal to each other

* Any vector -> linear combination of the basis

i=(1,0) |il=1

. . i-j=0
i=OL) |jl=1

V=(X1,X2) V=X1+X,]

21
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Orthonormal Basis

* Unit vectors; orthogonal to each other

* Any vector -> linear combination of the basis

i=(1,0) |il=1

| | i-j=0
i=OL) |jl=1

V=(X1,X2) V=X1+X,]

vi=? =(X,i+Xx,))i=%x,1+x,0=X,

V j=(Xi+X,))']=%X,.0+Xx,.1=Xx,
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Vector (cross) Product

The cross product is a VECTOR!

Magnitude:||u|| = [|[v X w|| = ||v||||w]| sin «

23
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Vector (cross) Product

The cross product is a VECTOR!

Magnitude:||u|| = ||v x w|| = ||v||||w]|| sin a

ulv=uv=
Orientation: \_
b 4
1

® /I

ulw=u-w-=

24
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Vector (cross) Product

u w/a U=VXW

The cross product is a VECTOR!

Magnitude:||u|| = [[v X w|| = ||v||||w]| sin «

ulv=>uv=wxw)v=0
Orientation:
ulw=uw=wxw) w=0

if v/iw? —us= ?w
1

’ \j\‘_ 25
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Vector Product Computation

e Orthonormal basis

i =(1,0,0) i|=1 i=jxk
i =(0,1,0) jlI=1 j=k xi
k =(0,0,]) k|=1 k=1ixj

U=vxw=(x,%,%)X(,V,, ;)

26
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Vector Product Computation

e Orthonormal basis

i =(1,0,0) (=1 i=jxk
j = (0,1,0) jlIF1 j=k xi
k =(0.0.1) k(=1 K=1iXxj

Uu=vxw=(x,%,%)X(,V,, ;)

(X% T +(x3y1 _x1y3)j+(x1y2 “x, )k

27
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Matrices

ail ai2
asi a2

AnXm — Gy
_anl an2

Pixel’s intensity value

28
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Matrix addition ;

ai a9 “e A1m
asy a2 ... Q2;,
AnX7n - . e
| Anl1  An2 Anm - 4F o
\ ﬁ*:%’%—‘- P
Pixel’s intensity value
Sum Cnxm = Anxm + anm CU - al] + bl.]

A and B must have the same dimensions!

PO E T N L I L
Example: [3 1] [1 5]—[4 6]

29
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Matrix product

(a11 a1z ... Qi a (011 | b1z ... b1y
azi Gz ... Q2m bor1 | baa ... by
AnX7n — : : : : BmXp —
| An1  Ap2 ... Apnm | _bml bm2 “ o bmp_
Product: bj

C A —B C

= »
nxp np ! -bj — Z aikbkj
=1

A and B must have compatible dimensions!

AnBun [ B r e

30
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Matrix transpose

Transpose:
C..=A wn (A+B) =A4" +B"
Ciy =4ay (AB) =B" 4"
If 47 = 4 A is symmetric

Examples: .
6 21 15 -.

6 2] [6 I [6 13 S "71

b hed py &R

1 5 2 5 2 5 8 ’J
A 2 7 o

W = O\
oo W N

31



Matrix determinant

a da da a
1 12 1 12
det =
A, dy A, Ay
a,, 4, a;
det|a,, a,, a,|=a,
| d31 A3 A3z

A must be square

2 5
Example: det[3 1]
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=a) |y, =4 a4,

Ay, Ay a,, dy Ay, Ay
—a, T4,

as, 33 sy, dsy s, ds,

(alternate signs)

co W —
= O b
=
|

32
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Matrix inverse

* Reciprocal 3
1 8 x (/g) =1
K}
* |nverse of a matrix
A
4 AxAl=1
A ) )
1 00
I=(010
(0 0 1_

When the inverse comes first:
Identity Matrix
(/g) x 8 =1

Al x A=1

33
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Matrix inverse: compute
a bl ! 1 [d-b
c d - -C a

1. Swap the positions of a and d
2. Put negatives in front of b and ¢
3. Divide everything by the determinant

34


https://www.mathsisfun.com/algebra/matrix-determinant.html
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Matrix inverse: always exist?

A must be square

6 1 3
2 5 8
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Matrix inverse: always exist?

A must be square
* A must be non-singular

36
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2D Geometric Transformations
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2D Translation

38



2D Translation Equation
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P!
h P =(x,y)
| 5 t = ( t., ty)
X Ix
P'=P+t=(x+t,,y+t))

39



2D Translation using Matrices

P =(x,y)
t=(t,,1,)
x+t. ] [1 0 ¢
y+t,| [0 1 ¢

What is the inverse transformation?

Not square

]
TUDelft
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40
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2D Translation using Matrices

* Homogeneous coordinates

— Multiply the coordinates by a non-zero scalar and
add an extra coordinate equal to that scalar

(x,y) = (x'z,y-2,z) z=0

(x,y,z) = (x-w,y-w,z-w,w) w=(
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2D Translation using Matrices

* Homogeneous coordinates

— Multiply the coordinates by a non-zero scalar and
add an extra coordinate equal to that scalar

(x,y) = (x'z,y-2,z) z=0

(x,y,z) = (x-w,y-w,z-w,w) w=(

* Back to Cartesian coordinates
— Divide by the last coordinate and eliminate it
(x,y,z) z=0—=>(x/z,y/2z)

(x,y,z,w) w=0—=(x/w,y/w,z/w)



2D Translation using fuper
Homogeneous Coordinates

P = (X,y) — (X,y,l)

b t=(tt) = (1)
P
Y
e Ly
X+t 10 ¢][x
y+t, =10 1 ¢, y:
1 0 0 1|[L
1 ¢
= P=T-P
0 1

43
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Scaling

44



Scaling Equation

P'—

Sx
0
0
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P=(x,y) = P'=(s,x,8,y)

P = (xay) — (xsysl)

P'= (Sxx9 Syy) — (Sxx’ Syyﬂl)

0
Sy
0

—

S

0
0|
1

< 0
_0 1_

P

S-P

45
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Scaling & Translation

P'=S.P
P”=T' P!

P’=T - P’=T -(S - P)=(T - S)-P=A - P

46
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Scaling & Translation

10 t][s, O O]x

P'=T-S-P=[0 1 t|[0 s, Ofy|=
0 0 1[[0 0 1f1
-

= y
1

47
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Scaling & Translation

1 0 t |[s, O O][x]
P'=T-S-P=|0 I t [|]0 s, Ofly|=
0 0 1(]0 1[f1
s, 0 t ][x
=10 s, t ||y
0O 0 1ff1
A

48



Translation & Scaling

= Scaling & Translation ?

1 0 t I[s, O
P"=T-S-P=|0 1 t ||O0 s,
O 0 11{]O
s
P'"=S-T-P=]0
0
s, O st ][x
=[0 s, st ||y
O O 1 1

2 S
<
I

-

«

< <
o =

S, X+s, t,

syy+syty
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S, X+t

syy+ty

49
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Rotation

50
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Rotation Equations

2 2
[ (X y y ) : : :
How to derive this equation?

(X,y) ?

X’ =x cos(0) - y sin(0)
0 y’ =x sin(0) + y cos(0)

>

51
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Rotation Equations
(X’ vV’ X =1 Ccos ()
(X, y") v =1 sin (6)
X =1 cos (¢ +0)
' (X, y) y’=r sin (¢ + 0)
J:L Expand
i) X X’ =1 cos(d) cos(0) —r sin(¢) sin(0)
y’ =1 sin(¢d) cos(0) + r cos(d) sin(O)
4L substitute

X’ =X cos(0) - y sin(0)
y’ =x sin(0) +y cos(0)

52
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Rotation Equations

o (X’ , y’) This is easy to capture in matrix form:

r (X,Y) [x] ) [cos(e) —sin(H)][x]

' sin(@) cos(@) y

~

P R

>

What is the inverse transformation ‘?
- Rotation by -0

R has many interesting properties:
R'=R” RR"=R"-R=1  det(R)=1

53



. . . g fucar
Translation + Rotation + Scalmg' :

t 1[cos® —smO Of]fs

1 O .0 O]x’
P'=T-R-S-P=[|0 1 t ||smO cosO O]|0 s, OJ|ly|=
O 0 1 0 0 1110 1][1
(cosO —smO t _|[s, O O][x]
=|smO cosb6 t [[O s, Offy|=
0 0) 11]0O O 1|1
= X If sy=s,, this is a similarity
_[R" t][S O | R'S t] transformation
_[0 1“0 1]1’“[0 1?’

54
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Assignment 1

Matrix/vector arithmetic

58
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Next Lecture

Part 2: Linear systems, linear least squares





