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Lecture 3
Camera Calibration
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Today’s Agenda

e Review of Lecture 2: Camera models C_\:l
e Camera calibration

— General idea

— Calibration
* Find correspondences
* Solve for projection matrix
* Extract the parameters

* Assignment 1: Camera calibration
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A color image: R, G, B channels

r(x,y)
f(x,y)=|gx,y)
| b(x,y)

“vector-valued” function




Pinhole camera model
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camera center

Pinhole camera model
» 3D point P= (X, ¥ Z)T projected to 2D image p = (x, y)T
camera coordinate projection fine
o
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Perspective projection model

; : X Y
« Camera sensor’s pixels not exactly square «=kr7. v=1f-



%
TUDelft
3Dgeoinfo

Perspective projection model

) . X Y
« Camera sensor’s pixels not exactly square «=kr7. v=1f-

Z
* Image center or principal point ¢ may not be at origin
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Perspective projection model

y . X Y
« Camera sensor’s pixels not exactly square «=kr7. v=1f-

* Image center or prmupal point ¢ may not be at origin
Y

£ = f.r T Cx, Y= fy?‘\—(y
* Distortion (image frame may not be exactly rectangular)
X Y f.,
T = o= — freotl=+cp, y=—2 :
= Ja A J €0 A T Y sinf Z T
N Y Y 19

r L
COLW*QS |:> co = (z0,50) | *

g ! — @ 8
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Perspective projection model

X Y f, Y
r=f.— — f.cot0—=~+c,. y=—Y + ¢
Jog = Jecotbtca y=5 07 T
* Intrinsic parameters
* Intrinsic parameter matrix
I fo —Jfzcotl ¢, | - -
1 _ fo s ca
i= KX, K=| 0 v oy | B K=1|0 f, ¢
A sin f/ 0o 0 1
_ 0 0 1 i Intrinsic parameter matrix
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Perspective projection model

e Camera motion

— Camera coordinate system is not aligned with world coordinate
system

— Camera can move and rotate

X = GRWX + §T



Intrinsic/Extrinsic Parameters

* The complete transformation

P’ = MP,,

= I

|

R T| P,

Internal (intrinsic) parameters \

External (extrinsic) parameters
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Today’s Agenda

e Review of Lecture 2: Camera models
e Camera calibration C_O

— General idea

— Camera calibration
* Find correspondences
* Solve for projection matrix
* Extract the parameters

* Assignment 1: Camera calibration
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General Idea

Precise 3D -> 2D projection
— Given 3D scene, camera location and orientation

— Intrinsic parameters unknow

13
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General Idea

* Precise 3D -> 2D projection

— Given 3D scene, camera location and orientation

— Intrinsic parameters unknow
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General Idea

* Precise 3D -> 2D projection
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— Given 3D scene, camera location and orientation

— Recover intrinsic parameters

 Camera calibration
— Recovering K
— RecoveringRand T

P/

MP,,

= I

|

R T| P,

Internal (intrinsic) parameters \

External (extrinsic) parameters



General Idea

* How many parameters to recover? ?

P’ = MP,,

= I

|

R T| P,

Internal (intrinsic) parameters

External (extrinsic) parameters

3
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General Idea

* How many parameters to recover? ?

P’ = MP,
=C{|R T|P,
Internal (intrinsic) parameters
I J 8 ¢ |
K = 0 f, ¢
0 0 1 |
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General Idea

* How many parameters to recover? ?

P’ = MP,,

=K [R T|P,

! t ] External (extrinsic) parameters

o
—t
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General Idea

* How many parameters to recover?

— 5 intrinsic parameters
2 for focal length
» 2 for offset (image center)
* 1 for skewness
— 6 extrinsic parameters
* 3 for rotation T f. s ¢y | T ] 't

e 3 for translation K = 0 fy
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General Idea

* How many parameters to recover?
e What information to use?

20
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General Idea

* How many parameters to recover?
e What information to use?

— Corresponding 3D-2D point pairs
P’ = MP,,

_K[R T|P,
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General Idea

* How many parameters to recover?

 What information to use?
— Corresponding 3D-2D point pairs

 How many pairs do we need? ?

.f;l S Cx IT- X
11 unknow parameters K=| 0 f, ¢, | R=|n T=|t,
0 0 1 | | .
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General Idea

* How many parameters to recover?

 What information to use?
— Corresponding 3D-2D point pairs

 How many pairs do we need? 'u,' Ty P
— ¢ — _ m Pi
Pi = vl MPZ — mgPi

n Z_ _m3P'_
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General Idea
* How many parameters to recover?
e What information to use?
— Corresponding 3D-2D point pairs
 How many pairs do we need? 0 ] T P T
— Each 3D-2D point pair -> 2 constraints  ; — = MPZ — %3%
— 11 unknown -> 6 point correspondence _vi_ _m3P; _

— Use more to handle noisy data

U; (m 3 PZ:) —m P =0
vi(mgF;) — maP; =0

24
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General Idea

* How many parameters to recover?

 What information to use?
— Corresponding 3D-2D point pairs

uy(mgPy)—mi Py =0

(pT T , T
U1 ( ms P 1 ) —1M9 P 1 = 0 Py 0 —u; Py
; |:> : ml | = Pm =0
T T _, 7| |m?
'U:n (772.-3 Pn ) —772..1 an — O P 1;1 0 - Unp, P% 3
0" P, —u,P;]

Un (7’7’13 Pn> — 19 Pn. =0 ]
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General Idea

* How many parameters to recover?
e What information to use?

e How to solve it? ?

P of —u,PT
T T . PT

T T , T
P'n, 0 - ll-f,l P n

T pr ., pT
0" P, —u,P;]
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General Idea

* How many parameters to recover?
e What information to use?

* How to solve it?
— m = 0 always a trivial solution

— k * m (k is non-zero) is also a solution

P 07 —u,PT
of P —uP! {m'{

T T , T
P, 0° —u,P,
T T . pT
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General Idea

* How many parameters to recover?
e What information to use?
* How to solve it?

— m = 0 always a trivial solution
— k * m (k is non-zero) is also a solution
— Constrained optimization

PT 0T —u, PT

Ce . 2

0f P{ —uPy minimize ||Pm)||
. m

: . 2 -

PT 07 —u,PT subject to |ml||* =1

07 Pz —v.n,Pg
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Camera calibration

* How to find the corresponding point? ?
— >= 6 3D-2D point pairs
* 3D points with known 3D coordinates
* Corresponding image points with known 2D coordinates

object lens ~._ film

29
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Camera calibration

* How to find the corresponding point?
— >= 6 3D-2D point pairs
* 3D points with known 3D coordinates
* Corresponding image points with known 2D coordinates

tape measure
30
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Corresponding points

e Calibration rig - a special apparatus
— P4, ... P, with known positions in [O,, i, j.,» K,]

A\ N\

l W



Corresponding points

e Calibration rig - a special apparatus
— P4, ... P, with known positions in [O,, i, j.,» K,]

—p4, ... p, known positions in the image

Ak
(W) v
////
S —
1NE ———
] S—
prd m
]
//
T |0
1 W .
/ '.
/ J
P

&
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Corresponding points

e Calibration rig - a special apparatus
— P4, ... P, with known positions in [O,, i, j.,» K,]

—p4, ... p, known positions in the image

—>=6 correspondences M &
(W) v
—
]
S —
///11,) xx\\
_~ ~
_~
-~
1
T |0
L~ LW -
" .
— Jyw
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Corresponding points

e Calibration rig - a special apparatus
— P4, ... P, with known positions in [O,, i, j.,» K,]

—p4, ... p, known positions in the image

— >= 6 correspondences b i
(W) ud
e Goal e
o o S —
— Intrinsic parameters ///1? T
- Bt
. . 7
— Extrinsic parameters ///
P OW
" ’ .
Jw




Calibration

 The equations

P = MP,
=K[R T|P,
}Lf ~m1 P; T
| L ms3 P;

A\ A\

A\ o\

&
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Calibration

 The equations

- ._ -mlpi-
Uy _ ms3 P;
Vs o m2Pi
|t _mgP'_
m, P.
U, = > ui(m3 Pi) =1m, Pi — ui(m3 Pi)_ml Pi =0
m, P.
m, P.
vV, =— > v(m, P)=m,P. - v(m,P)-m, P =0
m, P - -

36
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Calibration

e The equations
- ([ u(m; F)-m, F; =0

Vl(m3 Pl) —m, Pl =0

Write it using < u(m; P)-m, P =0
matrix-vector product v (m P) m, P =0
3 71 I

? U (m3 P)-m P =0

\ vn(mS Pn)_m2 0

n

37
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—u,(m; ) +m; K

-v,(m; F)+m, F

Calibration

 The equations

=0
=0

—u,(m; F)+m, B, =0
-v,(m; £ )+m, F, =0

unknown

Homogenous linear system

def

S
I

-----------

&
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Calibration

 The equations
— M: number of equations = 2n
— N: number of unknown =11

Rectangular system (M>N)

» 0 is always a solution

* To find non-zero solution

Minimize |P m|2

under the constraint [m|2 =1

* Solve using SVD

39



3
TUDelft

SV D 3Dgeoinfo

* Singular Value Decomposition

— Generalization of the eigen-decomposition of a square matrix to any
m by n matrix

O, ] Sl = |

o, M=U > V

A _ U 2 V_l 2 — Z mxn mxm mx:’) nxn
] On u U = 1,
U, V = orthogonal matrix i 1

V V' o= 1,

40
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Calibration

........

\SVD decomposition of P

U 2nx2n I:)anlz V12x12

Last column of V gives m

(Why? See page 593 of Hartley & Zisserman. Multiple View Geometry in Computer Vision)

41


http://scholar.google.nl/scholar?q=Hartley+%26+Zisserman&hl=en&as_sdt=0&as_vis=1&oi=scholart
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Calibration

Objective

Given a matrix A with at least as many rows as columns, find x that minimizes ||Ax|| subject to
x| = 1.

Solution

X is the last column of V, where A = UDV' is the SVD of A. Multiple View

Geometry

in computer vision

Algorithm A5 .4. Least-squares solution of a homogeneous system of linear equations.

Richard Hartley and Andrew Zisserman

Page 593 of Hartley & Zisserman. Multiple View Geometry in Computer Vision
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Calibration

/ .
P = MP, ar] — acot Or] + ugr] iat, — acotOt, + upt
_ _ _ BT T : B | —
{R TJ P pM — Sinorz + 'U()r3 mty + 'U()tz § — ’C [R T]
w rT t :
3 z :
........................................................ o ecotd
A b K=10 siga Yo
0 0 1
Intrinsic
...................................... . o T
-aT- 'b 7 . +1 upg = p a;as
1 Mo P = Taal 2T
A = ag b= |bs |a3| Vo = p~asag
aj | b3 T
st | g (81 X 83) " (82 X a3)
Estimated values |a1 X a3| : |a2 X a3|




3
J TUDelft
3Dgeoinfo

Calibration

, e — T — .
P = ./\/le arI — @ cot 9rg + uorg :at, — acot th + upt
r . — B T T B 2
— Uz, TJ Pw pM B - sin9r2r1_|.- VoT'g sin9t9t+ Vol =K [R T]
3 : z :
....................................................... o eeotd
A b K=10 sigG Yo
0 0 1
Intrinsic
: aj b1] , |
‘A= (al| b= |by| i a = p“la; X ag|siné
| a3 REA B = p“lag x ag|sinf
Estimated values




Calibration
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: arI — « cot 9rg + uorg 'éatm — accot 0ty + upt
_ BT T i B |
pM = el _;I_— VT3 — 5ty + Vot = K [’R T]
Is i,
........................................................  aetd
A b K=10 sigG Vo
0 0 1
............................ s Extrinsic
- T - 9
a b1 :
A_ '1|' b= 1b l._(a2><a3) _
P A= 18 = |02 1—|a ><a| r3=pas;
: _ag_ b3 2 X4
........................ o« - »
Estimated values L, =L X T=pK™b
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Calibration

* Always solvable?

J\k
(W) "
]
]
]
1
-~
L~
"
L~
//
1o,
- 8
T

Ly



Calibration

* Always solvable?

— P;s cannot lie on the same plane

— P.s cannot lie on the intersection curve of two quadric surfaces
A kW

lW

(W)

A\ N\

—
e
L~
L~
L~

O\ o\

W
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Calibration

* Always solvable?
— P;s cannot lie on the same plane

— P.s cannot lie on the intersection curve of two quadric surfaces

A
‘O. 4 U »
]
[
b.Ellipsoid Lllpl cylinder dEIIpl // [I)
"
"
/
/
//
// ()W
" ;
>
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Assignment 1: Camera calibration
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Next Lecture

Two View Geometry

Left view Right view

50



